We study the late time evolution of negatively curved Friedmann-Lemaître-Robertson-Walker (FLRW) models with a perfect fluid matter source and a scalar field nonminimally coupled to matter. Since, under mild assumptions on the potential V , it is already known that equilibria corresponding to non-negative local minima for V are asymptotically stable, we classify all cases where one of the energy components eventually dominates. In particular for nondegenerate minima with zero critical value, we rigorously prove that if γ, the parameter of the equation of state is larger than 2/3, then there is a transfer of energy from the fluid and the scalar field to the energy density of the scalar curvature. Thus, the scalar curvature, if present, has a dominant effect on the late evolution of the universe and eventually dominates over both the perfect fluid and the scalar field. The analysis in complemented with the case where V is exponential and therefore the scalar field diverges to infinity.
Introduction
Scalar fields implement a useful tool used by theorists for the description of the early inflationary phase and of the present accelerating expansion of the Universe, [1] . Scalar fields arise in several conformally equivalent theories of gravity, e.g., in higher order gravity theories (HOG), in string theories [2] and in scalar-tensor theories involving scalar field selfinteractions and dynamical couplings to matter [3] . An important example of a scalar field coupled to matter is provided by the general form of scalar-tensor theories of gravity [3, 4] , where the action in the Einstein frame takes the form
where
and χ = χ φ is the coupling function and matter fields are collectively denoted by Ψ. This action contains as special cases HOG theories with χ φ = e 2/3φ and g µν = e − 2/3φ g µν .
Non minimally coupling occurs also in models of chameleon gravity [5] , [6] , with g µν = e 2βφ g µν , where β is a coupling constant. The same form of coupling has been proposed in models of the so called coupled quintessence [7] (see also [8] for more general couplings).
Variation of the action (1) with respect to the metric g yields the field equations,
where T m µν is the matter energy momentum tensor. The Bianchi identities imply that the total energy-momentum tensor is conserved and therefore there is an energy exchange between the scalar field and ordinary matter. In all the above examples, the conservation of their sum is provided by the equations (compare to [7] ), 
In early investigations in scalar-field cosmology a minimal coupling of the scalar field was assumed, (see for example [9] and [10] for the study of the so-called "scaling" cosmologies; [11] and references therein for scalar-tensor theories with exponential potential; [12] for the qualitative evolution of models with positive and negative exponential potentials).
It is true that inclusion of non minimal coupling increases the mathematical difficulty of the analysis; however, it is important to consider non minimal coupling in scalar field cosmology [3] . Many physical theories predict the presence of a scalar field coupled to matter and therefore, the introduction of non minimal coupling is not a matter of taste [13] . On the other hand, in models with double exponential potentials it was observed that only a very weak coupling of the scalar field to ordinary matter can lead to acceptable cosmological histories of the universe [14] . This fact reinforces the general conclusions in [15] , [16] , [17] , that HOG dark energy models with f (R) = R − µ 2(n+1) /R n , where µ > 0, n > 1, are not cosmologically viable. This result is attributed the fact that in these theories, matter is strongly coupled to gravity (recall that Q = 2/3 in HOG theories). Nevertheless, in [18, 19] specific examples of f (R) ∼ R n gravity models were built, including matter and accelerated phases which are cosmological viable, at the expense of having noninteger values for n. We do not enter into the old discussion about the equivalence issue of the Einstein and the Jordan frame (see for example [20] , [21] , [22] , [23] ; see also [24] with specific examples and [25] with references therein).
As already mentioned, models with exponential potentials have been intensively studied. Another large class of potentials used in scalar-field cosmological models have a local minimum. In view of the unknown nature of the scalar field supposed to cause accelerated expansion, it is important to investigate the general properties shared by all FriedmannLemaître-Robertson-Walker (FLRW) models with a scalar field irrespective of the particular form of the potential.
In this paper we study the late time evolution of initially expanding negatively curved FLRW models with a scalar field having an arbitrary bounded from below potential function V φ . Thus we extend the analysis done for flat models in [26] . Our results are rigorously proved and do not depend on the specific form of the potential function, but possibly at most on its local form near its minimum. Ordinary matter is described by a barotropic fluid with equation of state
The scalar field is nonminimally coupled to matter according to (1) , (2) and (4). Under general assumptions on the potential function V (φ) we study the late time mutual behavior of the energies associated to the scalar and the fluid, and their relation with the "energy" associated to the spatial curvature of the cosmological model. In particular, in case of a nondegenerate minimum of the potential with vanishing critical value, we show that for γ < 2/3 the perfect fluid eventually dominates the energy density of the scalar field, i.e.,
, a property already shared by flat models for γ < 1. However, if γ > 2/3, the energy density of the scalar curvature eventually dominates over both the perfect fluid and the scalar field, i.e., Ω k → 1 and Ω φ , Ω ρ → 0 asymptotically. This result shows that the scalar curvature, if present, has a dominant effect on the late evolution of the universe.
The paper is organized as follows. Section 2 briefly recollects the basic ideas of the model studied. The results on the asymptotic behavior of the energy are described in Section 3. In paragraph 3.2 we consider the case when the scalar approaches a local nondegenerate minimum of the potential V (φ), and find the spectrum of the qualitative behavior of the energies in terms of the parameter γ entering the equation of state of the fluid. To complete the analysis in analogy with [26] , we also present in paragraph 3.1 the case of the exponential potential, finding out that the curvature energy may take over the other energies also in this case. The final section 4 is devoted to conclusions and perspectives.
Model description
The metric is given by the general, possibly nonflat FLRW metric 
and the Raychaudhuri equation,Ḣ
while the equation of motion of the scalar field (4), becomes
where Q(φ) is the logarithmic derivative of the coupling function χ(φ) which is supposed to be strictly positive and differentiable. The Bianchi identities (3) yield the conservation equation,ρ
Here, a (t ) is the scale factor, an overdot denotes differentiation with respect to time t , H = a/a and units have been chosen so that c = 1 = 8πG. The potential V φ of the scalar field is a C 2 function and dV /d φ is denoted by V φ .
Setting y =φ and α(φ) := 4−3γ 2 Q(φ), we obtain the systeṁ
subject to the constraint
Following [26] , we assume two properties for the scalar potential V (φ): (i) the (possibly empty) set φ : V (φ) < 0 is bounded, and (ii) the set of critical points is finite. We observe that the function W (t ) defined as
satisfies the relationẆ
therefore, sgn(W ) is invariant under the flow of (10)and since
Using the constraint (11) to eliminate a, we observe that the critical points for (10) are 
Asymptotic behavior of the energy
In the following, we are going to study the late time behaviour of solutions of (10), which are initially expanding, i.e., H (0) > 0. Our aim is to study which is the asymptotically dominating energy in the above model: we have the energy ρ associated to the perfect fluid and the energy associated to the scalar field
so that using equation (12) we have
are the normalized energies related to the perfect fluid, the scalar field and the spatial scalar curvature. Notice that the third component may become relevant, unlike the flat case k = 0 where the leading contribution is either given by the perfect fluid or the scalar. Using a similar scheme as in [26] , we will start by considering the case of an exponential potential, and then in paragraph 3.2 the case of a nondegenerate minimum of the potential will be examined.
Exponential potential
Let us consider a situation where the potential takes the form V (φ) = V 0 e −λφ + and assume that there exists a constant α 0 such that
As remarked in [26] after the statement of Proposition 1, there is a critical point "at infinity" which is asymptotically stable. If the critical value is strictly positive then the scalar normalized energy approaches 1, against Ω ρ and Ω k which go to zero. The subtle case is then to investigate what happens when = 0, when φ → +∞, and y, ρ → 0. To tackle the problem we consider expansion-normalized variables
and a new time variable defined by dτ = 3H dt , which bring system (10) to the form
Here a prime ( ) denotes differentiation with respect to the new time τ. One of the merits of the expansion-normalized variables formalism is that the evolution equation for H decouple from the rest of the evolution equations and so we have a system of three equations in the unknowns u, w, z. The definition (18) implies that the variables u, w, z are all positive, included z; indeed we know that φ → +∞, therefore situations where y is eventually negative are irrelevant for our study.
A careful inspection of the asymptotically stable equilibria (u ∞ , w ∞ , z ∞ ) of (19) gives the following five mutual exclusive situations, depending on the values of the three parameter
Recalling that
it is easy to see that in cases P 3 and P 5 then either the scalar energy or the fluid energy eventually dominate, in case P 1 the scalar energy totally eventually dominates, whereas in cases P 2 and P 4 there might be situations where the curvature energy Ω k eventually dominates. Moreover, and restoring the time t , we can integrate the fourth equation in (19) twice with respect to t , and find that, for t → +∞,
As an example, let us give the detailed results when χ(φ) = e 2/3φ , so that α = α 0 = 4−3γ 6
.
In this case only the three cases P 1 , P 2 and P 4 may take place, respectively:
• P 1 : 0 < λ < 2, and a(t ) ≈ t 2/λ 2 ;
• P 2 : λ > 2 and max 0, g (λ) < γ < 2, where g (λ) = 6λ−4 6 9λ− 3 6 , and a(t ) ≈ t ;
• P 4 : λ > 2 2 3 , 0 < γ < g (λ), and a(t ) ≈ t . given by χ(φ) = e 2/3φ , in terms of the two free parameters λ, γ. The dashed lines separates the regions where the system (19) approaches the three possibile cases P 1 , P 2 and P 4 (H → 0 + always).
Using the fourth equation in (19) we havë
and therefore examples with positive acceleration at initial data can be easily provided. 
Nondegenerate minimum of the potential
We will now concentrate on the case where the scalar field approaches a local minima of the potential V (φ). Similarly to the previous paragraph we focus on the case when V (φ * ) = 0 -indeed, when V (φ * ) > 0, the energy density of the scalar field approaches a strictly positive value and eventually dominates. The less trivial case is given when the critical value for the potential is zero, and we consider the case where this minimum is nondegenerate. Furthermore, we assume without loss of generality that φ * = 0 and therefore, the potential near its minimum takes the form
From now on, the higher order terms in V (φ) will be systematically neglected, since it can be shown that the results we are going to state are not affected.
We also recall the following theorem from [26] that solves the problem in the flat case
Theorem. In the following, we will extend this study to the nonflat case k = −1. Using (6) we can eliminate k from (10) thereby obtaininġ
with
due to the constraint (11) .
Similarly to the approach used in [26] we introduce normalized variables w, z, u:
and the system is given bẏ
We observe that, in view of the first of (25), α = α(w, H ); however since we will consider solutions such that φ → φ * , α will approach a constant as t → +∞. This fact will be used in the proofs throughout below.
We also notice that, unlike the case treated in paragraph 3.1, the presence of the terms λz and −λw in the first two equations of (26) does not allow to consider a normalized time τ, and therefore the first three equations no more decouple from the fourth one, as happens in the exponential case. Therefore, in this case it will be useful to consider the system in spherical coordinates (R, θ, η) defined as
and the system is rewritten in the following form:
compare with [26, eq. (23)]. Notice that, using (21) and (27), the normalized energies now are given by
The main result of this paper is the following: 
On the other side, when γ > 2 3 , the energy of the scalar curvature dominates asymptotically:
Observe that, in particular, the energy associated to the scalar field never eventually dominates 1 . To show the above result we consider the compact and positively invariant To analyze the qualitative behavior of the system (28) we divide the proof into some 1 Also observe that the transition case γ = 2 3 is excluded from the current analysis, similarly to the transition case γ = 1 of [26, Theorem 2] intermediate steps.
Step 1. If R → 0 then γ < 2 3 . Suppose R → 0 and consider the system (28) .
From the last equation we observe thatḢ ≈ − 3γ 2 H 2 , and integrating twice we obtain a ≈ t 2 3γ .
Sinceȧ ≈ 2 3γ t 2 3γ −1 , then it must be
But since R → 0 by hypothesis, this means that we must have 1 −
Suppose by contradiction η → η 0 > 0, then sin η → sin η 0 and from the first equation in (28) we obtainθ ≈ −λ, since the right-hand side tends to zero, observing that H (recall H → 0 + monotonically) is multiplied by a bounded quantity. Therefore we have
Now let us consider the equation forṘ in (28) and integrate both members:
which results in the following asymptotic estimate as t → ∞:
Therefore H 1 − R 2 0 3α sin η 0 sin θ / 6 → 0 and from (30) this term gives a bounded contribution, say K , to the integral:
Since ln a c always diverges unless c = 0, the only possibility is that
which implies γ > 2 3 . From the last equation in (28) the following asymptotic estimate holds:
and using (32) one obtains
and thenȧ which cannot happen since this would imply
a contradiction (recall that u is bounded).
Step 3. If sin η → 0 then the following two cases may take place:
Since η → 0 and γ = 2/3, the following asymptotic estimate takes place in the equation
that can be rewritten asṘ
from which we have R
At this stage the following two cases may happen:
1. either γ > 2/3, and then a if η → η 0 = 0 and R → 0 then by Step 1 it would be γ < 2/3. Theorem 3.1 then holds, recalling equations (29) . [27] . Figure 2a shows the evolution of the energies in case γ = 1/3: curvature energy remains small and decreasing to zero, whereas matter energy rapidly dominates over Ω φ . In this case the acceleration of the universe remains positive throughout the evolution (see Figure 2b ).
The situation is completely different when γ > 2/3. In Figure 3a it is represented the case γ = 4/3: in this case the curvature energy slowly increases and eventually takes over the other energies, with Ω ρ rapidly vanishing and Ω φ decreasing in a more persistent way.
Also notice that, even starting with positive acceleration, the expansion changes to a phase of negative acceleration, and so on, eventually oscillating from one phase to another, see Figure 4 : Energy evolution from current data for two "near-dust"cases
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Discussion
It is well known that astronomical measurements constrain the spatial curvature to be very close to zero, although they do not constrain its sign. For example, results of the Planck mission released in 2015 show the cosmological curvature parameter, Ω k , to be 0.000 ± 0.005, consistent with a flat universe. More recent constraints on Ω k , yield the values 0.001±0.002, [27] . Similar bounds for Ω k were found in an analysis of 42 measurements of the Hubble parameter and baryon acoustic oscillation data in [28] , although the authors stress that "more and better data are needed before we can make definitive statements about the spatial curvature of the universe". Larger bounds 0.09 ± 0.19 for Ω k were found in a modelindependent method to test the curvature of the universe [29] . Although a flat universe is usually assumed when one studies the nature of dark energy, for some models of dark energy, an open universe is more favoured than a flat universe [30] . Thus a flat universe may not be a good assumption for constraining some particular models of dark energy.
In this investigation we analysed the late time evolution of negatively curved expanding FLRW models having a scalar field coupled to matter. For exponential potentials V φ = V 0 e −λφ , the energy density of the scalar curvature eventually dominates over both the perfect fluid and the scalar field for a wide range of the parameters λ and γ. For non-negative local minima of V , the corresponding equilibria share the same properties as in the flat case [26] namely, they are asymptotically stable and in case the minimum is positive, say V (φ * ) > 0, the energy density of the scalar field eventually rules over the energy density of the fluid and the asymptotic state has an effective cosmological constant V (φ * ). In that case, the equilibrium solution represents an accelerating future attractor. For viable dark energy models, it is necessary that the energy density of the scalar field remains insignificant during most of the history of the universe and emerges only at late times to account for the current acceleration of the universe. In case the minimum is zero and nondegenerate, then ρ eventually dominates over if γ < 2/3. However, if γ > 2/3, the energy density of the scalar curvature eventually dominates over both the perfect fluid and the scalar field.
One can understand this result that may appear somewhat surprising, by the following physical reasoning. Integrating the energy density equation (9), we obtain ρ = ce −αφ a −3γ .
Since φ → φ * as t → ∞, absorbing e −αφ * into the constant of integration, we can write ρ ca −3γ as t → ∞. Using the Kryloff-Bogoliuboff approximation [31] it can be shown that near the equilibrium the energy density of the scalar field decreases as a −3 [32] . Since the curvature scales as a −2 , it is reasonable to conclude that for γ > 2/3 it dominates over both and ρ at late times.
The above results were rigorously proved assuming only that critical points are finite and at those points V (φ) is non-negative. No further assumption on V enter in the study of the late time behavior around a critical point φ * ∈ R, because for that situation only the behavior of the potential near φ * is important and no growth at infinity assumptions on V are actually needed.
An important question that should be further investigated is the case of closed cosmologies. Based on the experimentation with the potential V φ = V 0 1 − e − 2/3φ 2 which arises in the conformal frame of quadratic gravity [33] , we believe that a closed model cannot avoid recollapse, unless the minimum of the potential is strictly positive. In that case, the asymptotic state must be de Sitter space.
